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In this paper a solution procedure was introduced for
a mixed (elliptic-hyperbolic) partial differential equa-
tion (PDE) modeling transonic flow of a compressible
gas. A boundary value problem was also formulated
that included a far field solution for an airfoil. We
solved the nonlinear PDE using a simple combination
of elliptic and hyperbolic finite difference formulas.
Computed results demonstrated that the method was
successful. [The SCI® indicates that this paper has
been cited in over 170 publications.]
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By the mid-1960s the performance of trans-
port and military aircraft, helicopter rotors,
and axial flow turbines and compressors was
limited by transonic flow phenomena. The si-
mu occurrence of subsonic and super-
sonic flow with embedded shock waves could
not be modeled by existing analytical or
computational procedures. IEﬁineering de-
signs for these devices requi lengthy, ex-
pensive wind-tunnel tests. The introduction of
supercritical airfoil sections by Richard Whit-
comb of the National Aeronautics and Space

- Administration in Langley indicated that sig-
nificant performance improvements could be
achieved. But there was no way to explore
these designs using aerodynamic theory.

We were brought t in the fall of 1968
by Arnold Goldburg, director of the Flight Sci-
ences of the Boeing Company. EM.
Murman had been studying numerical meth-
ods for solving partial di tial equations
(PDEs) after receiving his PhD in 1967. ).D.
Cole was on a year’s leave of absence from
the California Institute of Technology, with

plans to revisit transonic aerodynamic theory.
Goldburg su ed we collaborate and try to
develop a solution procedure for transonic
flows. The availability of digital computers of-
fered a new approach to this problem,

The challenge was to find a way to integrate
a PDE of mixed (elliptic and hyperbolic) type
that contained embedded discontinuities
(shock waves). Cole felt that a computational
approach might be possible and that it should
be matched to an outer analytical solution in
the far field. He formulated such a boundary
value problem, using asymptotic expansions.
But there were no available finite difference-
type methods for mixed equations.

The breakthrough for the numerical algo-
rithm came in early 1969 during an afternoon
brainstorming session between the two of us.
After trying to extend elliptic equation aigo-
rithms to mixed problems and failing, we came
up with the idea of combining the two. A
simple test was introduced to determine at
each mesh point, as the iterative solution con-
verged, whether or not an elliptic or hyper-
bolic difference formula should be used. The
remaining details of the method fell into place
with a little more effort, and a paper was pre-
sented at the January 1970 American Institute
of Aeronautics and Astronautics Aerospace
Sciences Meeting in New York.

This paper has probably been cited so often
because it presented the right idea at the right
time. The computational method was simple
and efficient. Within a year or two of its pub-
lication, sgoénputer codes we':}e‘ written that
gave sati ory agreemem with experimental
tests for two- and three-dimensional wings,
Aerodynamists finally had an analysis method
for transonic flow, and the terrific demand for
such a tool fueled a rapid period of develop-
ment.

More modern analysis methods for the Euler
and Navier-Stokes equations have since re-
placed the simpler approaches of this paper.
However, at a time when computers were not
powerful and plentiful and there was little un-
derstanding of the power of computational
analysis, this method convincingf; demon-
strated a new direction. The method still serves
as a way to bridge classical aerodynamic the-
ory based on potential flow with modern com-
putational methods.

[For a recent paper in this field see reference
1.]
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